Folding fins are widely adopted in missiles for the efficient use of space during storage and transportation, while nonlinear behavior of freeplay is inevitable due to the factors such as mismachining tolerance, assembly error, and abrasion. The problem of nonlinear system identification of folding fins with freeplay is considered in this paper. A direct parameter estimation method which can identify the nonlinear system with freeplay under base excitation is proposed and subsequently applied to establish the nonlinear dynamic model of a folding fin. The best set of coefficients is selected by using the significance test, allowing the proposed method to detect and locate the most relevant nonlinearities of the practical structure. Experimental results demonstrate that the proposed method is able to decouple the linear and nonlinear dynamics of a nonlinear structure and estimate natural frequencies of the derived linear system along with nonlinear internal forces in one computational step, even if no a priori knowledge of the type of nonlinearities is given.
Introduction
Folding fins are widely adopted in missiles for the efficient use of space during storage and transportation. These fins are packed in folded state before launching and unfolded immediately after launching. Although most folding fins have a complex hinge consisting of dowels, torsional springs, and stoppers, nonlinear behavior of freeplay is inevitable due to the factors such as mismachining tolerance, assembly error, and abrasion [1, 2] . Because of the existence of freeplay nonlinearities, both static and dynamic characteristics of folding fins are changed, especially the vibration and aeroelasticity characteristics [3] [4] [5] [6] . For example, structural nonlinearities make the results of ground vibration test distorted and nonlinear phenomena (such as limited cycle oscillations, chaotic motions, and bifurcations) occur in some flight conditions.
To address the demand for flight vehicles with everincreasing technological and environmental performances, researchers try more and more regularly to investigate the nonlinear dynamic analysis of folding fins/wings [1] [2] [3] [4] [5] [6] [7] [8] . On the one hand, two-or three-degree-of-freedom airfoils with freeplay nonlinearity were generally used to reveal nonlinear phenomena and validate corresponding nonlinear analysis methods [3-6, 9, 10] . These studies can offer useful insights into what is happening to the folding structures with freeplay, but they cannot be directly used to solve practical engineering problems, as real folding structures are flexible components with more degrees of freedom. On the other hand, substructure synthesis methods were used to couple the constructed hinge model and the other parts of the folding fins, and to establish an order-reduced model of the entire structure [1, 2, [11] [12] [13] . However, in most cases the types and values of nonlinear characteristics of the hinges are unknown and difficult to obtain.
Due to the complexity of the problem, it is usually difficult to build the explicit model of a folding fin by exclusively using mechanism analysis, and there is also no guarantee that the model will accurately represent its nonlinear dynamic characteristics. Therefore, nonlinear system identification is considered in this work to establish the nonlinear dynamic model of a folding fin. Nonlinear system identification is a vast research field and different methods including linearization, time-and frequency-domain methods, timefrequency analysis, modal methods, black-box modeling, and numerical model updating have been developed in the past [14, 15] . Time-domain methods exclusively rely on processing time series and allow users to model the system in an intuitive way. Typical time-domain approaches comprise restoring force surface (RFS) analysis [16, 17] , nonlinear autoregressive moving average with exogenous input (NARMAX) modeling [17] [18] [19] , and nonlinear subspace identification methods [20, 21] . Obviously, there is a concentrated nonlinearity in the hinge, and the folding fin is a continuous structure with localized structural nonlinearities. Therefore, direct parameter estimation (DPE) methods [22] , as a class of extended RFS methods, are further developed to identify the structural nonlinearities of folding fins in this work.
The remainder of the paper is organized as follows: Section 2 introduces the experimental setup of a folding fin. Section 3 proposes a direct parameter estimation method which can identify the nonlinear system with freeplay under base excitation. Section 4 presents the identification results and the corresponding interpretation. Section 5 summarizes the study.
Experimental Setup
2.1. Experimental Folding Fin. The experimental folding fin with adjustable freeplay, as shown in Figure 1 , consists of an outboard wing, a folding hinge, an inner wing, and a rudder shaft. The rudder shaft and the inner wing are manufactured together, and freeplay exists only between the inner wing and the outboard wing [1] . Six accelerometers are used to measure the acceleration responses of the structure at six distributed positions, and they are sequentially numbered from no. 1 to no. 6, as shown in Figure 1 . During the experiment, the bottom of the rudder shaft is fixed on a rigid support structure by bolts, and the rigid support structure is fixed on a shaking table, as shown in Figure 2 . The base excitation is measured by an accelerometer (no. 0) attached to the rigid support structure.
Nonlinear
Detection. The frequency response function (FRF) summarizes most of the information necessary to specify the dynamics of a structure, and FRF distortions can be used to provide indications of the structural nonlinearity. In this section, the base sine-sweep test is adopted to ascertain if nonlinearity exists in the structural behavior. Based on the excitation signal and the corresponding response signal acquired by the no. 1 accelerometer, Figure 3 shows the frequency response characteristics of the folding fin without freeplay. The curves of the upward and downward sweeps are similar to each other and no jump phenomenon is observed, which indicates that the structure is linear. Regarding the folding fin with freeplay, significant differences and jumps can be observed by comparing its upward and downward sweep curves, as shown in Figure 4 . The jump occurs on the right-hand side of the first resonance peak, and the system can be referred to as hardening. Similarly, sine-sweep tests of the folding fin with various forms of freeplay have been carried out. Results demonstrate that the resonance peaks move to lower frequencies with increasing freeplay and the freeplay has much larger influence on the first resonance peak (bending mode) than the second one (torsional mode).
Direct Parameter Estimation
3.1. Identification Theory. For a general mechanical structure, it can be discretized into lumped masses connected by restoring force links to each other and to the ground [22] , as illustrated in Figure 5 . The mass is assumed to be concentrated at N measurement points, with m i designating the mass at point i. Each point i is assumed to be connected to each other point j by a link l ij , and to the ground by a link l ii .
The internal forces in the links depend on the relative displacements and velocities of the masses at each end of the links. Therefore, the force in link l ij is f ij ðδ ij , _ δ ij Þ, with δ ij = x i − x j designating the relative displacement of mass m i to mass m j , and _ δ ij = _ x i − _ x j the corresponding relative velocity.
The force in the link to ground If an external force y i is applied to each mass m i , the equations of motion of the N-degree-of-freedom system can be obtained as follows:
Furthermore, if the responses of the system are induced by motions of its base support, then we have
with € x 0 designating the acceleration of the base support and
It has been proven that freeplay nonlinearity can be approximated by a polynomial expansion [10] ; in this work, polynomial representation is used for internal forces f ij and (2) can be rewritten into the following form:
As the lumped masses concentrated at different measurement points are difficult to obtain, (3) can be further rewritten as
withã ðijÞkl = ð1/m i Þa ðijÞkl . Obviously, the coefficientsã ðijÞkl can be directly estimated by least squares estimation. As links l ij and l ji are the same, the symmetry relation
Therefore, the lumped mass m j can be obtained by 
Without loss of generality, by assuming that the mass at the first measurement point is m 1 = 1, the mass at other points can be estimated by using (5) . In this way, a priori estimate of the mass is no longer required and an equivalent identified system of the true structure can be established. Substituting the estimates of the coefficientsã ðijÞkl and the corresponding masses m i into (3), we have the matrix motion equation of the N-degree-of-freedom system in the following general form:
where Δ = ½δ 11 , δ 22 , ⋯, δ NN , € X 0 = ½€ x 0 , € x 0 , ⋯, € x 0 , the mass matrix is M = diag f1, m 2 , ⋯, m N g, the damping matrix C, the stiffness matrix K, and the nonlinear internal force matrix FðΔ, _ ΔÞ can be assembled based on (3). The identified model of (6) can represent a system with a finite number of excited modes. The first N natural frequencies (p 1 , ⋯, p N ) of the derived linear system can be computed by solving the following eigenvalue problem:
3.2. Model Validation. In order to avoid estimating the overdetermined coefficients, a significance test is used to select the best set of coefficients, as follows:
with σ 2 f·g designating the variance of the term in brace.
Generally, the term a ðijÞkl ðδ ij Þ k ð _ δ ij Þ l can be removed from the identified model, if Significancefa ðijÞkl g is smaller than a specified tolerance. Otherwise, this term should be consid-ered during the data-based modeling. The inclusion of different terms allows the identified model to detect and locate the most relevant nonlinearities [17] ; for example, if the term a ðijÞ30 ðδ ij Þ 3 ð _ δ ij Þ 0 appears, one may infer the presence of a cubic stiffness nonlinearity between measurement points i and j.
In order to quantify the achievable identification accuracy, a normalized mean square error (MSE) [22] is used to measure the goodness of fit between the estimated acceleration ( b € x i ) and its experimental counterpart (€ x i )
where L is the length of samples.
Identification Results and Interpretation
4.1. Measurement and Acquisition. The six accelerometers, as shown in Figure 1 , are used to measure the acceleration responses of the folding fin with freeplay, and its first two modes are considered in this work. The base excitation is white noise band-limited into a 10-80 Hz interval to excite only the first two modes, as shown in Figure 6 . The acceleration signals, sampled at 2048 Hz, are 4 s long, producing 8192 sample-long versions of the vibration measurements. The velocity and displacement signals are obtained by integrating the acceleration measurements using the trapezium rule and band-pass filtered into a 20-200 Hz interval to eliminate spurious components from the integration and retain a sufficient number of harmonics in the data. Figure 7 shows the filtered vibration signals of the folding fin at the first measurement point.
Two-Measurement-Point Identification
Results. The proposed direct parameter estimation method is used to identify the folding fin based on the excitation signal given in Figure 6 and the corresponding response signals at the first two measurement points. The best set of coefficients are selected by using the significance test with the predefined tolerance of 0.001 and the identified model is obtained as 
International Journal of Aerospace Engineering Furthermore, the mass and stiffness matrices of (10) are extracted and the first two natural frequencies of the derived linear system can be computed through (7) as p 1 = 30:531 Hz and p 2 = 52:718 Hz. Figure 8 depicts the experimental acceleration signals at the first two measurement points and their estimated counterparts. The normalized mean square errors between experimental acceleration signals and their estimated counterparts are MSE 1 = 0:3038 and MSE 2 = 0:3784.
Similarly, the first two natural frequency estimates of the derived linear system and the corresponding MSEs are obtained based on the data from different combinations of two measurement points, as shown in Table 1 . Evidently, the identification results vary slightly with the choice of data at different measurement points. Nevertheless, it may lead to unreliable identification results based on the data at two measurement points located on the inner wing, such as no. 5 and no. 6. The reason is that freeplay exists only between the inner wing and the outboard wing, and the base excitation signal is acquired at the bottom of the rudder shaft. The relative relationships between the measurement point at the inner wing and the excitation point at the rudder shaft do not directly reflect the freeplay nonlinearity, as the rudder shaft and the inner wing are manufactured together. Therefore, the information of the freeplay nonlinearity cannot be well captured by exclusively using measurements from the inner wing. In other words, some accelerometers should be placed at the outboard wing in order to better capture the freeplay nonlinearity, in case base excitation is applied to the folding fin.
Comparative Results and Discussions.
The identification results can be further improved by using the data at more measurement points. In this section, three-, four-, five-, and six-measurement-point-based identification is sequentially carried out, and the best set of coefficients is selected by using the significance test with the predefined tolerance of 0.001. Table 2 depicts the MSEs of a part of the identification results by selecting the data at two, three, four, five, and six measurement points. As shown in Table 2 , the fitting errors decrease gradually with the increase of the number of measurement points. However, as the number of measurement points increases, the dimensionality of the identified model increases. In other words, more and more poles will be computed through (7) . In order to indicate the number of present Evidently, the physical poles do not change with an increasing number of assumed poles, and appear as "stable poles" nearly independent of assumed model orders. In contrast to physical poles, computational poles will change with an increasing number of assumed poles in order to model the noise on the measured signals. As shown in Figure 9 , the second natural frequency cannot be well estimated when the identified model order is two. Therefore, data at more measurement points (larger than two) are needed to consider the first two modes of the folding fin. The FFT spectra can be used to indicate the rough values of the natural frequencies, together with the results of the base sine-sweep test. It should be further stressed that natural frequencies of the derived linear system do not agree well with the position where extremum points of the FFT spectra appear, due to the nonlinear internal forces of the true system.
Conclusions
In this work, the nonlinear dynamic characteristics of a folding fin are experimentally analyzed by using identification approaches. A direct parameter estimation method which can identify the nonlinear system with freeplay under base excitation is proposed and subsequently applied to establish the nonlinear dynamic model of a folding fin. The unknown freeplay nonlinearity of the folding fin is reduced to a polynomial form, and the best set of coefficients is selected by using the significance test, allowing the proposed method to detect and locate the most relevant nonlinearities. Therefore, the method can be used to identify a structure when no a priori knowledge of the type of nonlinearities is given. Furthermore, the proposed method is able to decouple the linear and nonlinear dynamics of a nonlinear system, and estimate natural frequencies of the derived linear system along with nonlinear internal forces in one computational step, which are often required in many aerospace and mechanical structures. 
